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As a natural extension of a preceding work on the vibrational linewidths in two isomorphic 
1,4-dihalobenzenes crystals (DBB and BCB, which is orientationally disordered), calculations 
of the anharmonic contribution to the linewidths have been performed. The calculations show 
that the decay mechanisms that were previously postulated are compatible with the inter- 
molecular potential. Some corrections to previous results are illustrated. The disorder contri- 
bution to the linewidth and its dependence on the relaxing mode are briefly discussed. 

Keywords: Anharmonic linewidth calculation; vibrational relaxation; orientational disorder; 
1,4-dibrornobenzene; 1,4-bromochlorobenzene 

1. lNTRODUCTlON 

It is known that structural disorder has a broadening effect on vibrational 
bands of molecular crystals. Experimental evidence has been reviewed re- 
cently [l]. The general theory for this subject, in a perturbative framework, 
is well established [2,3]. 

Currently, two topics appear to be of major interest: the concurrent effect 
of disorder and anharmonicity on line broadening; and the dependence of 
disorder linewidth on the relevant disorder parameter (e.g., impurity con- 
centration) and on the type of vibrational band. 

*Author to whom correspondence should be addressed. 
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190 G. F. SIGNORIN1 et al 

One particular kind of structural disorder is orientational disorder. Crys- 
tals of 1,4-dihalobenzenes are well suited for the investigation of the effect of 
static orientational disorder on vibrational bandwidths. 1,4-bromochloroben- 
zene (BCB) has been reported to be orientationally disordered with respect to 
the interchange of the two halogens [4-61. If the homogeneous width of its 
vibrational bands is compared to that of the corresponding bands in 1,4- 
dibromobenzene (DBB), which has the same crystal structure and very simi- 
lar dynamical properties, one can isolate the contribution of disorder [7]. 

In a previous paper [8] Raman spectra of BCB and DBB have been 
reported and discussed. It has been shown there that 

(1) all lattice bands have a lorentzian shape; 
(2) the temperature dependence of the bandwidth r can be reproduced with 

a term due to anharmonicity plus a constant term due to disorder; 
(3) the relationship between the disorder term and the kind of motion 

involved in the vibration can be explained qualitatively. 

In that work, which was based on a perturbative model formerly illus- 
trated and applied to the same crystals [7], the anharmonic term was 
reproduced with an average third-order and a simplified fourth-order con- 
tribution, coupling constants being treated as adjustable parameters. No 
comparison with theoretical predictions for this term was made. As a natu- 
ral complement to that study, we have undertaken more accurate calcula- 
tions of the anharmonic linewidth, based on an analytical expression of the 
crystal potential and on a formula which includes high-order contributions 
[9]. Such calculations are reported in the present work. This procedure was 
expected also to provide better estimates of the disorder term, by compari- 
son with the experimental linewidth. We found that the relation between the 
disorder linewidth and the dispersion, due to disorder, of the mode fre- 
quency, is similar to the prediction of the ATA approximation for a crystal 
with no anharmonicity [lo]. 

In the next section, we will described the model we used. Technical details 
on lattice dynamics calculations are given in section 3; experimental details 
have been given in the previous paper and will not be repeated here. In 
section 4 we will show and discuss our results. A brief conclusion follows. 

2. THE MODEL 

Our comparative study of Raman linewidths in BCB and DBB is based on 
the model described by Prasad and Von Smith [7], who applied it to the 
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ANHARMONIC LINEWIDTH CALCULATION IN DBB AND BCB 191 

lowest Raman lattice model of BCB. The reader should refer to that paper 
for a detailed discussion of the theory. According to these authors, if the 
effect of disorder is treated in the CPA approximation [3], the global shape 
of the Raman line i is approximately lorentzian, with total width 

where r; is the term due to disorder and r f ( T )  is that due to anharmoni- 
city. 

This model is in good agreement with Raman spectra of BCB [7,8], 
where all lattice bands show a lorentzian shape and internal bands are 
essentially lorentzian once the contribution of small side-bands is subtracted 
[8]. Other treatments that imply a non-lorentzian shape [lo-131 appear 
less appropriate for the system under investigation, although the applica- 
tion of a model based on the ATA approach [lo] has been considered for 
one of the internal bands [8]. 

The contribution to the lineshape due to disorder is a lorentzian under 
the following assumptions [7]: phonons are highly delocalised; orienta- 
tional disorder does not mix different phonon branches of the ideal or- 
dered lattice; only two-body, short range interactions are important; the 
investigated line is narrow. The authors use Raman spectra of mixed 
crystals of p-dihalobenzenes [ 141 to prove that the perturbative approach 
is correct even in the presence of complete head-tail disorder, and that the 
above assumptions are correct for the lowest frequency lattice band in 
BCB. We find that the same argument can be extended to all lattice bands 
and to internal phonon bands, with the possible exception of bands in the 
middle lattice frequency range, where a certain mixing of modes cannot be 
excluded. 

In the Prasad-Von Smith model, the disorder contribution to the 
linewidth is considered to be temperature independent [7]. This amounts 
to assuming that cross-terms due to the combined effect of anharmonicity 
and disorder in the self-energy expansion can be disregarded. In fact, it 
can be shown that, in the temperature dependence of the linewidth, these 
terms are small with respect to the contribution of pure anharmonicity 

The anharmonic term rf(7') was originally modeled with one average 
3-phonon process, coupling constants being treated as parameters [7]. 
The same approach was used in our previous paper [8], where an addi- 
tional term representing 4-phonon scattering was considered. However, 
through this approach one cannot separate anharmonic constants from 
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192 G .  F. SIGNORINI e t a / .  

the scattering probability [ 16,173; also, the possible contribution of higher- 
order processes is ruled out from the beginning. In order to get a better 
description of the processes involved in anharmonic scattering, and to com- 
pare best-fit coefficients with theoretical values, in the present work we 
compute the anharmonic term from the double-vertex anharmonic self- 
energy series [9] 

, , 

n = 3  n = 3  

where Cy' is an average squared coupling coefficient of order n and 
p'n- l l (~ i ,  T )  is a weighted density of (n - 1)-phonon states. State densities 
and coupling coefficients can be calculated with standard Lattice Dynamics 
techniques, if a realistic model for the disordered crystal is devised, as will 
be illustrated in the next section. Equation (2 .2)  is discussed in more detail 
in the Appendix. 

The disorder contribution to the width of BCB bands, r:, was treated in 
the preceding works [7,8] as an adjustable parameter. To our knowledge, 
within this model no analytical formulation is available for the (I priori 
calculation of such a contribution (although it can be evaluated with MD 
simulations [ 181). Here we apply the same method, and also try to get some 
insight in the relationship between rf and the nature of mode i. We found 
it useful to compare the dependence of r: on i with that predicted in the 
ATA approximation [lo] for a crystal with no anharmonicity and with a 
Gaussian distribution of site energy perturbations due to disorder. The 
result obtained for single-particle electronic excitations [lo] is basically 

where Di is the width of the gaussian distribution. 
In our opinion, this result can be extended to phonon states with no 

critical change to the original treatment. However, we are interested in the 
concurrent effect of disorder and anharmonicity. If this is considered in the 
same model [lo] it can be shown that, even with very strict assumptions (no 
interaction between phonon-phonon coupling and scattering due to dis- 
order; no phonon dispersion), the self-energy term due to disorder depends 
on the term due to anharmonicity and cannot be decoupled from it; conse- 
quently, (2.3) is no more valid. 

Bearing in mind all the approximations that we have illustrated, we 
represented the Prasad-Von Smith model with the following expression for 
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ANHARMONIC LINEWIDTH CALCULATION IN DBB AND BCB 193 

the temperature-dependent linewidth of mode i of both DBB and BCB: 

where Tp includes both the term due to orientational disorder (2.3) - if any - 
and all other temperature independent contributions (such as those due to 
impurities and instrumental resolution): 

3. LATTICE DYNAMICS CALCULATIONS 

In this section, we give some details on the calculation of the anharmonic 
linewidth - equation (2.2) - of the Raman active lattice modes and of some 
Raman active internal modes in DBB and BCB. 

BCB and DBB crystallize in monoclinic lattice with two molecules per 
unit cell [19]. The former shows head-to-tail disorder due to two almost 
equivalent orientations of the molecules with respect to the halogen-halo- 
gen axis. Assuming a fully disordered structure, BCB belongs to the same 
space group (C;,,, P2,ja) as the DBB crystal and follows the same selection 
rules [20,21]; because of the inversion center symmetry, the phonons ex- 
hibit mutually exclusive Raman or IR activity. In evaluating the effect of 
disorder (see the next section) we also considered two hyphothetical ordered 
structures of BCB, (Cz, P2,) and (C:, Pa), both isomorphous with DBB, 
with the second molecule in the unit cell being related to the first one by 
either the screw axis or the slide plane. 

No crystal structure at low temperature is reported in the literature. Since 
thermal expansion data are also not available, we made no attempt to 
arbitrarily extrapolate room temperature structure to low temperature. 
Thus, in our calculations we used cell parameters measured at room tem- 
perature [22,23], with the molecular structure of DBB observed in the 
crystal by Bandoli et al. [19]. 

The only way of reproducing an orientationally disordered crystal struc- 
ture in a lattice dynamics framework is to use an asymmetric unit made up 
of a large number N of unit cells, with a fraction of the molecules flipped 
according to some distribution law. The computational requirements of this 
kind of approach are very high, since the dimensions of the dynamical 
matrix grow up as N 2 .  We chose a different approach: since, according to 
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194 G. F. SIGNORINI era / .  

investigators, the head-to-tail disorder of BCB is complete, we represented 
the crystal as made up of molecules with two fictitious atoms X in the place 
of either C1 or Br. The physical properties of X (mass, C-X bond length 
and the value of the potential function at each interatomic distance r )  are 
exactly intermediate between those of bromine and those of chlorine. 

The intermolecular potential parameters for lattice dynamics calculations 
were taken from a model set up for haloanthracene derivatives [24]. In this 
model the interactions are represented by a Buckingham atom-atom poten- 
tial, as summarized in TableI. The introduction of an additional electro- 
static term represented by point charges along carbon-halogen bonds did 
not improve the agreement between calculated and experimental harmonic 
frequencies at zero wave vector, as already reported in the literature [25], so 
we omitted this term in the final computations. Other potential parameter 
sets [25] gave comparable results. 

Computed and experimental k = 0 harmonic frequencies at room tem- 
perature for both crystals, the lattice modes symmetry species and their 
assignment to molecular motions are reported in Table 11. 

Using equations (AS)  and (A.8) of the Appendix we computed pcn'(o, T )  
for both crystals up to n = 4 at different temperatures in the range 1-300 K, 
sampling the Brillouin zone in about 700 k points. 

A linear least-squares fit of experimental data points then yielded To and 
(7,'" (n = 3,4,5) for each investigated band. The fit procedure was repeated 
with constraints whenever one or more parameters were not physically 
reasonable, for example whenever they had a negative value. In this case, 
one parameter was fixed to a quantity equal or close to the calculated value 
(see below) and the remaining parameters were refined. This procedure was 
possibly reiterated. When more than one set of parameters obtained in this 

TABLE 1 
model [24]. V(r )  = Ae-Br - Cr-b  

Parameters of Buckingham atom-atom potential 

~ ~~~ 

Paranieters 

ij A , j ( k J )  B i j ( P )  Cij(kJi6)  

c-c 48179.8 2.92 2818.5 
C-H 6072.9 2.89 443.0 
c-CI 191 193.7 3.16 6623.5 
C-Br 70214.9 2.80 7053.7 
H-H 765.5 2.86 69.6 
H-CI 24099.2 3.13 1041.1 
H-Br 8850.3 2.76 1108.7 
CI---CI 758720.1 3.04 16576.2 
Br-Br 102327.9 2.67 17652.8 
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ANHARMONIC LINEWIDTH CALCULATION IN DBB AND BCB 195 

TABLE I1 Experimental and calculated room temperature har- 
monic frequencies (cm-'). R,, R,, R, are the librations around the 
principal inertia axes x, y ,  z (in decreasing order of inertia mo- 
ments) 

DBB BCB 
exp.2' calc. exp." calc. symmetry assignment 

20.0 15.8 22.0 17.7 B,  R,, R, 
31.5 24.6 42.5 31.1 A ,  R,, R, 
39.0 29.6 41.5 36.6 4 R,, R, 
40.5 29.9 47.0 41.4 4 R,, R, 
93.0 90.1 94.0 95.3 4 R* 
96.0 92.1 98.0 98.8 B, R: 

way was considered acceptable, that set was chosen which gave either the 
lowest xz or the best agreement with calculated values, or both. 

Calculated approximate average coefficients, to be used as a check for 
best-fit coefficients, were calculated with equation (A.7) of the Appendix. 
High order potential derivatives were obtained from derivatives of dynami- 
cal matrix elements at random points of the Brillouin zone [ 9 ] .  Since in our 
implementation of the lattice dynamics algorithm [26] internal modes are 
treated as intrinsically harmonic, check coefficients were calculated for lat- 
tice modes only. 

4. RESULTS AND DISCUSSION 

The temperature dependence of the width of Raman bands of DBB and 
BCB in the region of lattice modes and of two internal modes has been 
discussed in detail in the previous work [S], that we shall refer to as CTBS 
hereafter. Here we investigate the same data with the method described in 
the preceding sections. 

We start by saying that, in a most general sense, our calculations confirm 
the picture given by the phenomenological analysis in CTBS, that is, all 
bandwidths are composed of a temperature-dependent part due to anhar- 
monic relaxation processes of order three and higher, and of a constant 
term which is mainly due to disorder in BCB. 

All data can be fitted very well to equation (2.4). The physical significance 
of the calculated curves is proved by the fact that, for all bands, best-fit 
coefficients Cr), reported in Table 111, agree, in magnitude, with theoretical 
values obtained from approximate equation (A.7) (Tab. IV). From a quali- 
tative point of view, we observe that for most modes the BCB coefficient is 
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196 G. F. SIGNORIN1 era /  

TABLE Ill Best-fit anharmonic coupling coefficients and zero- 
order term for DBB and BCB bands. (IJ,, Tp in cm-'; CyI in 
c m - z  

~ J J  cj41 Ci51 coi ry 
DBB 20.0 0.07 7.4. 10.' 1.0. lo-' 1.0. lo-' 
BCB 22.0 0.49 1.9. l o - '  2.3. lo-' 2.2. 
DBB 37.5 0.04 6.4. lo- '  1.8.10-' 4.0. 
BCB 42.5 3.64 2.5. 1 0 ~  ' 3.7. lo-' 5.8. 
DBB 39.0 0.13 3.4. 5.4.10-' 1.4. lo-'  
BCB 41.5 4.40 3.0. lo-' 3.0. lo-' 4.0. lo- '  
DBB 40.5 0.05 1.6,10-' 2.3.10-J l.O.lO-h 
BCB 47.0* - ~ ~ - 

DBB 93.0 0.91 4.2. l o - '  1.8. 10 ' 6.3. lo-' 
BCB 94.0 0.91 7.4.10-l 1.3.10-3 3.0.10-' 
DBB 96.0 0.78 4.2. l o - '  1.0. 5.0. 
BCB 98.0 0.78 6.5. l o - '  1.6. 3.3. 
DBB 710.0 0.10 2.6. lo-' 3.0. 1.0.10-' 
BCB 730.0 0.94 4.0.10-' 2.0.10-5 3.0.10-' 
DBB 1070.0 0.55 2.1.10-' 6.0.10-' 1.0.10-' 
BCB 1090.0 1.26 4.5. lo- '  3.0. 2.0. lo- '  

'Expenmental data of this very weak band show so low d correlation 
that a fit is considered of no significance. 

TABLE 1V 
DBB and BCB bands ((oi in cm-'; Cy' in cm-') 

Calculated anharmonic coupling coefficients for 

~~ 

(0 I p J 1  ,;'I $" 

DBB 20.0 1.2- l o - '  1.3. lo--' 1.3. 
BCB 22.0 2.6. 10- ' 2.6. 6.0, lo-' 
DBB 37.5 1 . 2 , 1 0 - ~  i . 1 . 1 0 - ~  1 . 6 . 1 0 - ~  
BCB 42.5 1 .1-10-1  4.0.10-3 6.5.10-6 
DBB 39.0 8.9. lo-' 8.6. 1.4, 
BCB 41.5 2.4. 1 0 - I  1.7. 5.8. 
DBB 40.5 1.3. lo- '  8.6. lo-' 1.9. lo-' 
BCB 47.0 ~ - 

DBB 93.0 6.3. lo- '  5.3. lo-'  6.2. 
BCB 94.0 8.1. lo - '  4.3. lo- '  4.1.10-' 
DBB 96.0 5.8 .  lo- '  5.0. lo- '  5.6. lo-' 
BCB 98.0 7.1. 10 4.0. lo-* 3.3,10-5 

bigger than the corresponding DBB one; and that the same relationship 
exists between calculated values, due to the fact that the BCB potential is 
slightly more repulsive, as shown also by the shift in the lattice frequencies. 
Quantitatively, Ci3) and C;'' values compare well to their theoretical coun- 
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ANHARMONIC LINEWIDTH CALCULATION IN DBB AND BCB 197 

terparts - if one considers the approximations involved in the calculation of 
average coefficients. On the contrary, Ci4) coefficients are about one order to 
magnitude smaller than predicted. Discrepancies between best-fit and theor- 
etical values may be due to several causes. Obviously, since our potential was 
originally refined on harmonic properties only, one or more of its high-order 
terms may be incorrect; however, we found that different potentials do not 
give better agreement than the one we present here. Errors in theoretical 
values may be caused also by the fact that they were averaged over a special 
class of coefficients [9]. Finally, best-fit coefficients are probably underes- 
timated since they compensate too high a value of calculated state densities in 
the lattice mode region (we recall that calculated phonon frequencies are 
smaller than experimental ones; this contraction of the phonon band raises 
the low-frequency tail of multiple state densities). 

For some aspects, present results differ from our previous work. In 
CTBS, the width of the lowest F, line in DBB was reproduced with a cubic 
process only, while the corresponding line in BCB required also a quartic 
contribution, which appears rather unrealistic. Our analysis has shown that 
a null quartic contribution to the DBB linewidth implies that the quartic 
coefficient in DBB be more than one order of magnitude smaller than that 
of BCB, which is not consistent with calculated values (Tab. 1V); on the 
other side, a good fit to the data can be obtained with a C'4'(DBB) of the 
same order of C'4)(BCB) (Tab. HI), that is, with a quartic contribution com- 
parable to that in BCB. This is illustrated in Figure 1. 

For the highest lattice DBB modes, a null constant and a bigger cubic 
contribution than in BCB was assumed in CTBS. Our fit of these linewidths 
indicates, instead, a smaller cubic coefficient than in BCB, in agreement with 
calculated values (Tab. Iv), and the same To in the two bands (Tab. 111). As a 
consequence, the disorder contribution to the width of the BCB band is reduc- 
ed (see below). The linewidth of the highest A, mode is shown in Figure 2. 

In the semiquantitative approach followed in CTBS, coupling constants 
contain both the average anharmonic coefficient and the relevant multiple 
state density (see the Appendix). This has a number of implications. For 
example, since the two-phonon difference state density is much smaller than 
the two-phonon sum state density, considering an equal coupling constant 
for 3-up and 3-down processes (Tab. I1 of CTBS) amounts to considering a 
much higher anharmonic coefficient for the former than for the latter; which 
is certainly less correct than assuming a single average coefficient for all 
processes of a given order, as we do in the present approach. 

It has already been noted that anharmonic coupling increases with the 
mode frequency (Fig. 7 of CTBS). The present analysis shows that this is 
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198 G. F. SIGNORINI et al 

0 50 100 150 200 250 300 

temperature (K) 

FIGURE 1 The temperature dependence of the lowest B,  lattice phonon linewidth in (a) 
DBB and (b) BCB. Points: experimental[8]; (-1 l- ,(T),  calculated with the parameters of 
Table I l l .  The broken lines represent the contributions of processes of different order to r, ( T ) .  

due not only to the growing density of states, but also to increasing anhar- 
monic coefficients (Tab. III), which roughly obey the relation Cy’.; wi, as 
expected (see equations (A.4), (A.7) of the Appendix). 

A detailed analysis of anharmonic relaxation is expected to yield more 
accurate best-fit values of To. As we already noted in the introduction, this 
quantity contains both the contribution of orientational disorder (in BCB) 
and the contribution of all other line broadening mechanisms that are 
independent of temperature (see eq. (2.3)). If we assume for the band i, r; is 
the same in DBB and BCB, the contribution of orientational disorder in 
BCB is simply given by the difference 
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12 

8 

4 

0 
h - 
‘g - 12 
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0 50 100 150 200 250 300 

temperature (K) 

FIGURE2 The temperature dependence of the highest A ,  lattice phonon linewidth in (a) 
DBB and (b) BCB. Points: experimentalC81; (-) Ti(T), calculated with the parameters of 
Table 111. The broken lines represent the contributions of processes of different order to T i  (T) .  

This difference is plotted in Figure 3. It shows a mamixum value for the 
modes around 40cm-’, while it is negligible, as expected, for the two 
librations around the z axis, that do not involve any motion of the halogen 
atoms. This result is probably more accurate than that reported in Table I1 
of CTBS, where the disorder linewidth of the R ,  modes is comparable to 
that of the lowest frequency mode. 

We tried to established a relationship between rf and the disorder “seen” 
by the mode i, as in (2.3). Unfortunately, there is no simple way of measur- 
ing or calculating the dispersion of perturbed levels, Di, directly. A crude 
estimate of Di may be given by the frequency shift of mode i between DBB 
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FIGURE 3 Conrrihution of orientational disorder tc? the width o f  lattice hands in RCB. Solid 
circles: rp icm- ’. eq. (4.1)): open trian_elcs: square of frequency shift (cm-’) between two 
ordered structures of BCB (scale on right-hand axis): open squares: square of frequency shift 
( c n -  ’) between BCB and 1.4-dichlorobenzene I ~ a l r  on rifht-hand axis). 

and 1,4-dichlorobenzene. In fact, this shift measures the effect of substitut- 
ing interactions involving Br with interactions involving C1 (although the 
change in the inertia moments and in the unit cell dimensions also contri- 
bute to this shift), the same effect that originates the average fluctuation Di. 
The square of this shift is plotted in Figure 3 .  The obtain a more accurate 
measure of D,. we calculated the frequency of mode i in two hypothetical 
ordered structures of BCB, C: and Cf,  (see the previous section). The maxi- 
mum frequency difference between one of the ordered structures and the 
fully disordered one was taken as an estimate of Di and is reported 
(squared) in Figure 3. This figure shows that the relation (2.3) can be used as 
a guideline in the case of BCB. We consider this figure also as a confirma- 
tion of the validity of our model. 

5. CONCLUSIONS 

The calculations presented here globally confirm, with minor corrections, 
the results of the simplified analysis reported in a previous paper, thus 
indicating that the picture given there is physically meaningful. These re- 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
1:

43
 2

1 
A

ug
us

t 2
01

2 



A N H A R M O N I C  LINEWIDTH CALCULATION IN DBB A N D  BCB 701 

sults are consistent with a perturbative model previously applied to the 
lowest lattice mode of BCB, according to which anharmonic coupling and 
orientational disorder give additive contributions to the optical phonon 
linewidth, the latter of which is approximately independent of temperature. 

As for the anharmonic linewidth, this study, together with recent investi- 
gation on other crystals, shows that high order contributions can be cal- 
culated up to convergence of the self-energy, even at room temperature. 
Since in our approach only a special class of coupling schemes is consider- 
ed, results are not expected to be accurate. Anharmonic coefficients that 
give the best agreement with experimental linewidths should therefore be 
regarded as effective values. In the present case, best-fit coefficients turn out 
to be comparable to values calculated from the intermolecular potential 
with an approximate method, with the exception of quartic coefficients. We 
point out that alternative approaches based on phenomenological expres- 
sions, as opposed to our approach, may be misleading, since they do not 
measure the values of the pure anharmonic coefficients. A few examples in 
this work where the present treatment leads to different conclusions from 
our previous paper have been illustrated. 

Our anharmonic calculations have also enabled us to refine the values of 
the disorder contribution to the linewidth. The magnitude of this contribu- 
tion is clearly dependent on the kind of motion involved in the decaying 
phonon, as already discussed on a qualitative basis in our previous work. 
We have found that this quantity is roughly proportional to the square of 
the energy dispersion of the mode due to disorder, a result that is similar to 
theoretical predictions for a harmonic crystal, and that suggests a simple 
method for the analysis of disorder contribution to linewidths in similar 
cases. 
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APPENDIX. ANHARMONIC LINEWIDTH SERIES 

In the phonon-antiphonon picture, with frequencies oj taking both posi- 
tive and negative values [9], the explicit form of the total linewidth of order 
n is 
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where 

L is the number of cells in the lattice; 
L-"'*+'@.. 
the n crystal normal coordinates labeled i ,  jl,. . ., in- 
6(w) is the Dirac delta; 
A(k) expresses the wavevector conservation [27] (ki = 0 for an optical band); 

. is the derivative of the crystal potential with respect to IIi ' '  ' J n -  i 

and we have defined 

n ( o j ,  7') = [exp(ho,/kT)- l]-', (A.3) 

Cy) and p("-l)(wi, 7') can be defined by comparison of (2.2) with (A.1). 
Considering that in the first approximation [9,28] 

it appears most appropriate to define 

p'"'(wi, T )  = h-  ' [G'"'(w, ki) - G'"'( -mi, ki)], D
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so that 

which is exact in the limit (A.4) or, more generally, in the limit of no 
correlation between the sum arguments in Cy) and in p("- ' ) .  In the last two 
equations we have introduced the quantity ( m j )  which is the average value 
of the frequency of the j-th phonon branch. With these definitions Cy) and 
p("- ' )  have the dimensions of E 2  and E - l ,  respectively, where E is a molecu- 
lar energy. 

The advantage of the transformation of (A.l) into (2.2) is that many- 
phonon state densities p(") can be calculated recursively from the one 
phonon density of states (which is usually known with good accuracy) using 
the relation [9] 

(this calculation becomes trivial if the requirement of k conservation -the A 
factor in equation (A.6) - is relaxed, an approximation that has been shown 
to be the more accurate the higher n [29,30]). Note that a recursive algo- 
rithm of the type (A.8) cannot be applied to Tr) directly, due to the presence 
of the anharmonic coefficient. 

Furthermore, Cy' can be evaluated with (A.7) by performing the sums 
over a small number of states, since laij, j m J  is a slowly varying function of 
kj, . . . k, [9]. Average squared anharmonic coefficients can also be estimated 
with a linear fit of experimental linewidths to (2.2). 

By using (2.2), anharmonic coefficients relative to different systems can be 
compared directly. Note that constants appearing in the widely-used approxi- 
mate expressions of the type 111 ry ) (T )  = B f ) n ( ( m ) ,  T )  are much less mean- 
ingful, since they include both anharmonic coefficients and state density. 

We make one final remark. In (2.2) and in the following equations har- 
monic frequencies and anharmonic coefficients are assumed to be indepen- 
dent of temperature. This is no serious approximation in the case of lattice 
phonons. Thermal expansion of the crystal has a twofold effect on r,: 
generally, anharmonic coefficients decrease with IT: while the value of mul- 
tiple state densities at mi increases with T due to the contraction of the 
phonon band. Thus, in general, the net effect on (2.2) will be negligible. 
Sample calculations [3 11 have confirmed this prediction. 
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